It is shown that the initial value problem (IVP) of the generalized KdV equation
x u = 0; u(x; 0) = (x) is well posed in the classical Sobolev space H s (R) with s > 3=4, which thus establishes a nonlinear map K from H s (R) to C( ?T; T ]; H s (R)). Then it is proved that (i) if a = a(x) is a C 1 function on R to R, then K is in nitely many times Frechet di erentiable; (ii) if a = a(x) is a polynomial, then K is analytic, i.e. for any 2 H s (R), K Each term y n = K (n) h n ] in the series solves a linearized KdV equation. Thus any \small" perturbation K( + h) of K( ) can be obtained by solving a series of linear problems.
The proof of these results relies on various smoothing properties of the associated linear KdV equation.
Introduction
This paper is mainly concerned with the initial value problem (IVP) for the generalized Korteweg- in which a(x) is assumed to be a C 1 function on R to R , though a weaker di erentiablity su ces for most results below. The KdV equation (i.e., a(u) = u 2 =2 in (1.1) ) and its generalized form (1.1) have been studied by many authors 1, 2, 4 -6, 10 -17, 19 -23, 27 -37, 42 -44, 47] . For a complete list of references, see, for example, 13, 17, 22, 30 ] . In particular, it is well-known that the IVP (1.1) is locally well posed in the classical Sobolev space H s (R) with s > 3=2 (cf. 17]) and is globally well posed with some restrictions on a(u) or the size of the initial data when s 2 and is global well-posedness when 1 k 3 and s 1. Their proof is based on careful analysis of various smooth properties of the associated linear problem together with the contraction mapping principle.
In this paper, we rst continue to study the well-posedness of the IVP (1.1) in the space H s (R). While only assuming that a(0) = a 0 (0) = 0, we shall prove that the IVP (1.1) is locally well posed in the space H s (R) with s > 3=4 by using Kenig, Ponce and Vega's argument 22] , 23 ] with a few modi cation. In order to state our result precisely, we introduce the following Banach spaces as Kenig ). This is a Banach space equipped with the norm kwk X T;s l;r := s l;r (T; w):
Clearly, X T;s l;r is a subspace of C( ?T; T]; H s (R)) with stronger topology. We shall prove that if a(0) = a 0 (0) = 0, then for any 2 H s (R), there exists a T > 0 depending only on k k s such that he IVP (1.1) has a unique solution u 2 X T;s l;r where s > 3=4 and (l; r) 2 0; s ? 3 4 ] 0; s ? 3 4 ). The global result is also obtained while the same restrictions are enforced on a(u) in (1.1) or the size of the initial value as those in Kato 17] + @ x (a 0 (u)w for n 2 where u = K( ) and H n is a polynomial of w (j) i 1 ;:::;i j ] with 1 i 1 ; :::; i j n and 1 j n ? 1 (see section 3 for the structure of H n ).
If we choose h 1 = h 2 = ::: = h and denote by y n = K (n) ( ) h n ]; which is a homogeneous polynomial of degree n from H s (R) to X T;s l;r , then 8 > < > : @ t y 1 + @ x (a 0 (u)y 1 ) + @ 3 x y 1 = 0 y 1 (x; 0) = h(x) (1:8) for n = 1 and 8 > < > :
x y n = ?@ x fM n g y n (x; 0) = 0 (1:9)
for n 2 where
(u) j! X k 1 +:::+k j =n n! k 1 !:::k j ! y k 1 :::y k j and the summation P k 1 +:::+k j =n is over all possible (k 1 ; :::; k j ) with 1 k 1 ; :::k j n and k 1 + :::k j = n.
Thus we can de ne the n-th Taylor polynomial P n of K at 2 H s (R):
It is called the n-th Taylor remainder of K at and we shall see that z n solves 8 > < > :
x z 0 = 0 z 0 (x; 0) = h(x) (1:11) for n = 0 and 8 > < > : To end this section, we consider the following linear problem: 8 > < > :
where a(:) 2 C 1 (R; R) with a(0) = 0. The following result is due to Kato 17] We start to prove Theorem 3.1 by establishing the following a priori estimate for solutions of (3.1). where w (1) k] is the solution of (4.2) with the initial value h k 2 H s (R), k = 1; 2:::. Inductively, (4.2)-(4.3) de nes an n-linear map K (n) (u) from the n-fold space (H s (R)) n to X T;s l;r for any n 2. Proof: See 7, Theorem 8.14.3].
Analyticity
In the previous section we proved the map K is in nitely many times Frechet di erentiable from H s (R) to X T;s l;r . Naturally the further question is whether the map K is an analytic map, i.e., whether it has Taylor series expansion at any 2 H s (R):
where the series coverges in X T;s l;r uniformly for khk s with some > 0 only depending on . For that purpose we need a better estimate of the n-th derivative y n = K (n) for some c 2 > 0 independent of n and
